Abstract. A system of matrix units in the Weyl algebra of convolution type is constructed with the aid of a Gaussian element so that it includes von Neumann's minimal projection, which explicitly shows that the associated C*-algebra is a compact operator algebra. The spectral decomposition of an arbitrary Gaussian element is then worked out in terms of the diagonal projections in the matrix units.
Introduction
The celebrated Stone-von Neumann theorem on the uniqueness of unitary representations of the CCR is sitting at a branching point of many disciplines and opened a way to variety of developments both in mathematics and in physics ( [5] ). The original proof of von Neumann is based on a Gaussian expression of a certain minimal projection in the twisted convolution algebra related to the Weyl form of the CCR ( [6] ).
Since the way of its proof shows that all representations are unique up to multiplicities, the associated C*-algebra of convolution type turns out to be a compact operator algebra thanks to an affirmative answer to Naimark's problem.
We shall here supplement this fact by constructing matrix units as differentiated Gaussian elements in the Weyl convolution algebra so that von Neumann' projection is a member of them, which enables us to directly identify the convolution type C*-algebra with a compact operator algebra.
The spectral property of Gaussian elements, which is more or less known among specialists (see [3, § 5.5] for example), is also described in terms of these matrix units.
Weyl Relations and Convolution Algebras
Originally the canonical commutation relations (CCR) were set forth by Born and Jordan as [q j , p k ] = iδ j,k , which were afterwards rephrased by Weyl in the form
where U p (x) = e ix·p and U q (x) = e ix·q (x, p ∈ R n , x · p = j x j p j and so on) denote n-parameter continuous groups of unitaries. In terms of these unitary groups, the Schrödinger representation of CCR takes the form
Since unitaries U q (y) generate all multiplication operators and any operator in its commutant is realized again by multiplication, it is reduced to a scalar operator when it furthermore commutes with the translation operators U p (x), i.e., the Schrödinger representation is irreducible as is well-known. Conversely, any irreducible (and continuous) representation of Weyl relations is unitarily equivalent to the Schrödinger representation (the Stone-von Neumann theorem).
For its proof, von Neumann put U p and U q together into the form
which, being formally equal to e i(xp+yq) , is a continuous family of unitaries parametrized by (x, y) ∈ R 2n and satisfies
In other words, the family {U(x, y)} is a unitary representation of the additive group R 2n twisted by a two-cocyle e i(xy ′ −x ′ y)/2 . Thus, relevant is not an euclidean structure but symplectic one governed by x ′ y − xy ′ . To make this fact manifest and to simplify the notation at the same time, regard {p j , q j } as a symplectic basis and think of (x, y) ∈ R 2n as coordinates of an element v = (x j p j + y j q j ) in a symplectic vector space V with the symplectic form σ given by σ(q j , p k ) = δ j,k and σ(p j , p k ) = 0 = σ(q j , q k ). Notice here that the Liouville measure in V is exactly the Lebesgue measure in R 2n . Associated with such a real symplectic vector space (V, σ), we introduce several *-algebras describing Weyl relations.
Let Ce iV be a free vector space generated by symbols e iv (v ∈ V ), which is a *-algebra by operations
and referred to as a Weyl algebra based on (V, σ). A *-representation π of Ce iV is then specified by a family U(x, y) = π(e i(xp+yq) ) of unitaries satisfying Weyl relations, which corresponds to Weyl unitaries exactly when U(x, y) is continuous in parameters (x, y) ∈ R 2n . Note here that each linear functional λ ∈ V * gives to a *-automorphism of Ce iV (called shift automorphism) by e iv → e if (v) e iv in such a way that it defines an automorphic action of the additive group V * on the Weyl algebra Ce iV . We can also work with holomorphically extended elements e v+iw (v, w ∈ V ) which satisfy the obvious *-algebraic operations and span a *-supalgebra Ce V +iV of Ce iV . As an analysis-oriented one, consider the Banach space
relative to the Lebesgue measure, which is made into a Banach *-algebra (denoted by L 1 (V, σ) and referred to as a Weyl convolution algebra) so that
The automorphic action of V * on Ce iV by shifts is also converted to that on the convolution algebra by f (v) → e iλ(v) f (v). Notice that, as in the case of group algebras of locally compact groups, a continuous representation π(e iv ) of Ce iV is in one-to-one correspondence with a *-representation π(f ) of f ∈ L 1 (V, σ).
, which turns out to be a (unimodular) Hilbert algebra with respect to the L 2 -inner product. The associated trace τ is therefore given by τ (f
This multiplier realization is compatible with the shift automorphisms on both Ce iV and L 1 (V, σ). To get an analogous realization of Ce V +iV as a multiplier algebra, we further introduce a dense *-subalgebra
as a function of v ∈ V and depends normcontinuously on w ∈ V .
Given a function f ∈ L 1 (V ) of supexponential decay (i.e., f (v) = O(e −r|v| ) for any r > 0), its Gaussian regularization belongs to L 1 ̟ (V ). In fact, given an inner product ·, · in V , the Gaussian regularization
of f is holomorphically extended and the expression
is holomorphic and continuous in w ∈ V as an L 1 (V )-valued function. Here is a summary so far.
For v + iw ∈ V + iV , a formal identity
and a similar expression for right multiplication suggest putting
Now the following is immediate to check.
Lemma 1.2. The *-algebra Ce V +iV is realized as a multiplier algebra of L 1 ̟ (V, σ).
von Neumann's Projection and Matrix Elements
A hermitian element in L 1 (V, σ) is said to be Gaussian if it is of the form e −(v|v)+iλ(v)+µ , where µ ∈ R, λ ∈ V * and (v|w) is a real inner product in V . Clearly Gaussian elements belong to L 1 ̟ (V, σ) with their linear parts λ(v) realized by the effect of the shift automorphism associated to λ ∈ V * . Given an inner product (v|w) in a finite-dimensional symplectic vector space (V, σ), thanks to the standard form of symplectic matrices, we can find an orthonormal basis {e j , f j } of V so that σ j = σ(f j , e j ) > 0 and {Re j + Rf j } is a σ-orthogonal family. Then {p j = σ −1/2 j e j , q j = σ −1/2 j f j } is a canonical basis which also diagonalizes the inner product so that (p j |p j ) = (q j |q j ) = 1/σ j . In this way, Gaussian elements are factored into two-dimensional ones and their spectral properties are more or less reduced to the case of single freedom.
With this observation in mind, we now introduce an element g α (x, y) = e −(x 2 +y 2 )/4α (α ∈ C, Re α > 0) in L 1 (V, σ) for the canonical choice V = R 2n (which is Gaussian for α > 0) and investigate its spectral properties in the convolution Weyl algebra L 1 (V, σ) or its C*-envelope C * (V, σ). Notice that in terms of the canonical coordinates, the convolution product is expressed by
By a simple calculation based on Gaussian integrals, we see that
Since each γ ≥ 1 is expressed by γ = (α + α −1 )/2 for the choice β −1 = α > 0, the formula implies that g γ = g 
is a projection in L 1 (V, σ). In von Neumann's uniqueness proof of Weyl relations, it is a key to observe that the projection g ∈ L 1 (V, σ) is minimal in the sense that ge i(xp+yq) g = e −(x 2 +y 2 )/4 g (x, y ∈ R n ). We shall now construct a system of matrix units in L 1 (V, σ) so that it includes the projection g as a component. To elucidate the role g plays in finding matrix units inside L 1 (V, σ), introduce complex parameters
to get the expression
In view of i(xp+yq) = za−za * and the identity e i(xp+yq) = e −|z| 2 /2 e −za * e za , with annihilators a = (q + ip)/ √ 2 and creators a
is expressed by a function
Here we compare the analytic dependence on parameters z, w. Clearly the last function is antiholomorphi in z and holomorphic in w, whence the same behavior of e −za * e za ge −wa * e wa reveals that e za ge −wa * = g and at the same time (e −za * ge wa )(s, t) = 1 (2π) n exp −
Now the minimality can be read off from these: Thanks to the Weyl relations and g 2 = g, e |z| 2 /2 ge za e −za * g = ge za−za * g = e −|z| 2 /2 ge −za * e za g = e −|z| 2 /2 g, whence ge i(xp+yq) g = e −(x 2 +y 2 )/4 g. Moreover, from the fact that the coefficient in the right hand side is equal to the evaluation of e i(xp+yq) by the Fock state ω, one sees that C * (V, σ)gC * (V, σ) is *-isomorphic to a *-subalgebra
, where π denotes the standard Fock representation of C * (V, σ).
Since g z,w = e (|z| 2 +|w| 2 )/2 e −za+za * ge wa−wa * = e za * ge wa is holomorphic as an
Finally we show that {g z,w ; z, w
for any z, w. Then the Fourier transform of f (s, t)e −(s 2 +t 2 )/4 vanishes and hence f = 0.
is a compact operator algebra generated by matrix units {g k,l } and continuous Weyl unitaries are unitarily equivalent to an ampliation of the Fock representation.
Moreover the canonical trace is given by the formula
Corollary 2.2 (Stone-von Neumann). Irreducible Weyl unitaries are unique up to unitary equivalence.
Notice that g γ (Re γ > 0) is a normal element of trace class with
Remark 3. In the Schrödinger representation, the above spectral decomposition of g γ is reduced to Mehler's formula in [1, §1.7] . Now consider the general case V = R 2n and let {γ j } 1≤j≤n be positive eigenvalues of iσ/4 including multiplicity with respect to the quadratic part of a Gaussian element. Then the spectrum of exp(− j (x as seen in [8] .
As a final remark, we describe the following known fact (see [3, Theorem 5.5.1] for example) in our context. Proposition 3.1. There is one-to-one correspondence between free states of C * (V, σ) and positive normalized Gaussian elements without scalar shifts.
Proof. We assume notations and results on free states in [7] . Through the density operator realization, free states are given by positive normalized Gaussian elements.
Conversely, a positive Gaussian element is factored into single-freedom ones and we may assume that V = R 2 . Define a sesquilinear form S on V C by S + S = shows that the Gaussian element g γ gives the density operator of a free state.
